SPM 1A5 ACADEMY 08 AT B = 2017

(| Exam @ 2

b L8 iV AZACALAL » ;’ Ii i. J
) [

- i faai~a DETACHABLE
T (We9-u= 1)

MATHEMATICS (PaperI)

Tqg ; diq gug iferemerr 31 : 250
Time Allowed : Three Hours Maximum Marks : 250

-0 v fafare sraar
FIAT WAL * I I | 7S Freferfaa v sy 9 ermE wE |
A ATS WA § St 3 Wt # frwrhia ¥ qor R ok st S A B E
R H Gl qrer Al & I oA ¢ |
9 HEAT 1 3R 5 sifamd € a9 areht yedt # & wdeh @ve § FH-8-9 U W T fheel e v
% I QY |
TS W /W & 3o IH A fRw u § |

el o TR ST A 7 ford S =y et Seora s wRw-uw 7 e a2, ik 2w e
T Jeoid GI-H-IER (FLALT.) 9 & qags w sfRa Fffe s w R s i |
Sfeafiad wrem & srfafees s forelt wiesm & forg 10 9o/ ) 1 3 =8t fre |

afe Mawe B, O ST TSt o S T 4T St ffde ifm |
| STel ek Sfeetfad | €, Fehd QAT SeQTaC A ferd WA AT § e B |

FST & TR Bl AT FHIGAR 6 ST | 4fe e 721 2, @ 997 F IR Y ToHT s T 9w
S 31T o T B | we-Te- SR fent @il Biet 53 I8 AT 6 3197 T €9 ©F A H1eT AT
=g |

QUESTION PAPER SPECIFIC INSTRUCTIONS
Please read each of the following instructions carefully before attempting questions.
There are EIGHT questions divided in Two Sections and printed both in HINDI and in ENGLISH.
Candidate has to attempt FIVE questions in all.

Question Nos. 1 and 5 are compulsory and out of the remaining, THREE are to be attempted choosing
at least ONE question from each Section.

The number of marks carried by a question/part is indicated against it.

Answers must be written in the medium authorized in the Admission Certificate which must be stated
clearly on the cover of this Question-cum-Answer (QCA) Booklet in the space provided. No marks will
be given for answers written in medium other than the authorized one.

Assume suitable data, if considered necessary, and indicate the same clearly.
Unless and otherwise indicated, symbols and notations carry their usual standard meanings.

Attempts of questions shall be counted in sequential order. Unless struck off, attempt of a question
shall be counted even if attempted partly. Any page or portion of the page left blank in the
Question-cum-Answer Booklet must be clearly struck off. . ¥ :
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1.(a)

1.(b)

1.(c)

1.(d)

1.(e)

2:(a)"

2.(b)

2.(c)

{us ‘A’ SECTION ‘A’

T AR A= [2 2) |Qawﬁqam§Pma9rﬁrqm%P'AP@ﬁmf
B o |

Let A= (% %) Find a non-singular matrix P such that P~'4P is a diagonal matrix.
: ' 10

eyfEy for @aET el & wHH SAfieefie agag B © |

Show that similar matrices have the same characteristic polynomial. 10
M R:{3<x2—)?<3, 1<xy<4)R G f(x, y)=xp (2+)?) T G
i |

Integrate the functlon f(x, y)=xy(*+3*) over the domain R: {-3 s2-y=3,
1 <xy<4}. 10
farg (1, 1, 1) W wighast 3x2 — )2 =2z & w-aa &1 qHteRor feprer |

Find the equation of the tangent plane at point (1, 1, 1) to the conicoid 3x% — y* = 2z

10
: -3 8- z—3 c+3 +7 -6
forawreia e x3 = 1y= : a*3 =}’2 === % ofiw gram gl W
R _
Find the shortest distance between the skew lines :
x;3:8~y:z—3 b x+3:y+7:z—6_ 10
3 1 | -3 . 4

2

xy-dd & IR & ﬁ?ﬁmﬁ%%aﬁfﬁwﬁr@ﬁ@ 24 —:z, Sl gHAT z=9 |
el BI B, 1 AT AIGH HIT |
Find the volume of the solid above the xy-plane and directly below the portion of

e

the elliptic paraboloid x? +y7 =z which is cut off by the plane z=19. 15
U audd, fad f6mg (a, b, ¢) § & ToRar & aur sl & wAsn foaegsti 4,89 C R
el @ | ql forg QT 4, B @ C H & [oRA a4 Tl & s ol Tolvg- T Q0
it |

A plane passes through a fixed point (a, b, ¢) and cuts the axes at the points
A, B, C respectively. Find the locus of the centre of the sphere which passes
through the origin O and 4, B, C. 15

Tufzn & "weas 2x—2y+z+12=0, M x2+)2+22-2x—4y+2z-3=0, ED

el axar @ | vk fovg wa i |

Show that the plane 2x -2y +z+12=0 touches the sphere
x2 4% +z2—2x—4y+2z-3=0. Find the point of contact. 10
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3.(a)

3.(b)

3.(c)

3.(d)

4.(a)

aq «ife e U 9 woafesr wafy v & =R geae fofta ga-smere set W famn
V=6 | Su-3mamy (UNW) &t weatfaa fammd sma fifsrg |

Suppose U and W are distinct four dimensional subspaces of a vector space V,

where dim ¥ = 6. Find the possible dimensions of subspace UNW. 10
| ) 12 3 1
fomfiy s 4 R* S RP R, STRI W 4=|1 3 5 2|1 4 & wfem
3 8 13 -3
i formr 9w auR quT w A 4 6 o 7w snaR st s Aifi |
| | 1 2°% 1
Consider the matrix mapping 4 : R* — R3, where 4=|1 3 5 -2/|. Find a basis
3 8 13 3
and dimension of the image of 4 and those of the kernel 4. 15

ﬁaﬁﬁq%w%%ﬁmmm—%&ﬁmﬁﬁ%ﬁ%mﬁ@%%l

Prove that distinct non-zero eigenvectors of a matrix are linearly independent. 10

xy(x? — y?
e /(x y)= (—y") . (%)% (0 0)
0 , (x,»)=(0, 0),
aZf azf
axdy q Bl &t (0, 0) &1 IReem whiforg |
ol e
xy(x= =y )
If f(x, y): _)(Cz—_}_yz— . (x, y) # (0, O)
s (o 3)=1{0;-0)
0%f - 92
calculate géf; and aéf; at (0, 0). o i

ax? + by’ + =1 % T RER waq wfadl & whresed fag &1 frgwr W
HITT |

Find the locus of the point of intersection of three mutually perpendicular tangent
planes to ax?+by*+cz2=1. 10
qHERTT X2+ )2 + 22— yz—zx —xy—3x—6y—9z+21 =0 & WHINEH-EY #§ =ach
HIfr s yiehast i wefa frutfia Sifsg |

Reduce the following equation to the standard form and hence determine the nature
of the conicoid: x*+)?+22—ypz—zx —xy—3x—6y -9z +21 =0, 15
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4.(b)

4.(¢c)

4.(d)

5.(a)

5.(b)

xy, 2 & TRt % Pt fem Rk . ;_
x+2y+2z=1
ek 3z =
x+1lly+az=5>b

(i) a & T o= & fou e &1 vahaga 2 2

(i) 7 SEl (a, b) & it AT & forg wveE & ws @ sfas &a € 2

Consider the following system of equations in x, y, z:
x+2y+2z=1
x+dy+3z=3
x+1ly+az=5b.
(i) For which values of a does the system have a unique solution 7

(ii) For which pair of values (a, b) does the system have more than one solution ?

15
o 2 xdx
e AR R T s w5 &1 e 1
o (1)
3 2xdx :
Examine if the improper integral I —;?T exists. 10
* o (12
n dxdy &
ﬁaaﬁﬁqﬁgs.ﬂ — <7 Sl W D T e R |
D Ax2+(y-2)
Prove that z < Axdy < where D is the unit disc. 10

D 1fx2+(y—2)2

Wusg ‘B’ SECTION ‘B’
x-y THAE § Get gt @ Frefa e aTen s qHieRor W i |

Find the differential equation representing all the circles in the x-y plane. 10

M Afore el geu-ware 6t aRI@M, 9% GHed xy = ¢ & g1 wefdfd € | ww-fave
@, Aafq aRI@E S UGRiT wRA AT k- & deeivig qafEl S A
Iy |

Suppose that the streamlines of the fluid flow are given by a family of curves
xy = ¢. Find the equipotential lines, that is, the orthogonal trajectories of the family
of curves representing the streamlines. 10
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5.(d)

5.(e)

6.(a)

Udh R, F1(earze r=a (1 + cos0), et uRffre Y@ sreg seaier 8, & 3R
#fER 2 | m AW & UF DIl Tedl R R R qHhdT @ qA7 FieaHAiEs & fawg
p=0 ¥ T@ATEaE TE=E g 6 TATET (elastic) TRI &, ST Heame@n T 4 mg
B, FHT B | Ded bl TAHTERT |, Setd 2R afas ©, DS AT § | Soll-a’en &
fret @1 vt @R quiE fF w02 (1 + cosf) — g cosO (1 —cosf) =0, g TacaTeRHT

~

oh Sh¥UT U] ér" |

A fixed wire is in the shape of the cardiod » = a (1 + cos0), the initial line being
the downward vertical. A small ring of mass m can slide on the wire and is attached
to the point » = 0 of the cardiod by an elastic string of natural length ¢ and modulus
of elasticity 4 mg. The string is released from rest when the string is horizontal.
Show by using the laws of conservation of energy that

aéz(l + cosfl) — g cosO (1 —cosO) = 0, g being the acceleration due to gravity. 10

ORI 0, b3 ¢ & o 7T & forg afear
V =(x+y+az) iA+(bx+2y—:)f+(—x+cy+22)1; STEEﬁ EA G B 1 L O <1 e
afesr & dadt-fresneal # smanfar | Fifg |

For what values of the constants @, » and ¢ the vector
V=(x+y+az)i+(bx+2y—z)j+(=x+cy+2z) k is irrotational. Find the diver-
gence in cylindrical coordinates of this vector with these values. 10

T ¢ 9% Uk i fareg o el wfeyr 7 =sine i+ cos 20/ + (12 +20) k B | A&
TR 7 o U AT-AIGT v F GHIRR G0 § G917 o ¥ o O o o (el § a6

{=0 TR AT R |

The position vector of a moving point at time ¢ is 7 =sint i + cos 2¢j + (¢2 + 21) k.

Find the components of acceleration @ in the directions parallel to the velocity
vector v and perpendicular to the plane of 7 and v at time 7= 0. . 10

(i) Tr=fafaa gmma Wig sEcd e & g hifsg
(D+)y=z+e* T (D+)z=y+e*, el y 9 z @a7 9 x & T © U7

D= i |
dx

(i) Solve the following'simultaneous linear differential equations :
(D+1)y=z+e" and (D+1)z =y +e* where y and z are functions of indepen-
dent variable x and D = i ‘ 8

dx
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6.(2) (i) afe fet it wm ¢ | AR dem i Iy | 98 wE fEmE e %
FATTAICA @ T FeAn U waTe # 4 ot 8 St @ 99 4 qwre F A S

I ferat wean st © 2
(i) If the growth rate of the population of bacteria at any time ¢ is proportional to

the amount present at that time and population doubles in one week, then how
much bacterias can be expected after 4 weeks ? | 8

6.(b) (i) orashe FHE ¢ xy p? — (32 +)2 — 1) p+xy =0, &l | p———@ g, | f=R
Eﬁﬁlﬁlu—xzﬁ?ﬂv—y mmaﬂm@q(ﬂalrautsfom)ﬁ
uvamp——ﬁsa?ﬁa?rﬁqlmmmmmﬂamaﬁaaﬁ&ml

(i) Consider the differential equation xyp?—(x?+)?>—-1)p+xy = 0 where

p= Zx_y Substituting « = x? and v = y? reduce the equation to Clairaut’s form

: _dv ; .
in terms of u, vand p = T Hence, or otherwise solve the equation. 10
u

6.b) (i) Frehfud TREmAT e et F e SR -
20" +4y' +y=0, y(0)=3-2 Ay'(0)=0 |

(ii) Solve the following initial value differential equations :

20y" +4y +y=0, y(0)=32 and y(©)=0. *

6.(c)  TF THAH NI, ST & ¢ P W e Y T GHA W AU qshid Y5 hl G
s ¥ Tosf oY g <@ B | A % g ¢ o siftreras am W femfo | afe ¢ @ A
T H9 ¢ 99 1 g% gnaEedn fRR ® 2 |
A uniform solid hemisphere rests on a rough plane inclined to the horizon at an
angle ¢ with its curved surface touching the plane. Find the greatest admissible

value of the inclination ¢ for equilibrium. If ¢ be less than this value, is the
equilibrium stable ? 17

7.(a) EED F=(a' cosb, a sinf, a@) & feet ot ﬁlr_g F=(0) T ashar-afey a 3@t aRATT
frarfor | gufed for get forg @ woef 3@ R e M awemre @1 fagug wF 9% 8 S
qufed & stfaaeaeast a2+ )2 -2 =a® R & 2
Find the curvature vector and its magnitude at any. point 7 =(60) of the curve

¥ = (a cosB, a sinf, a0). Show that the locus of the feet of the perpendicular from
the origin to the tangent is a curve that completely lies on the hyperboloid
x2+y2—22=a2. 16
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7.(b)

7€)

8.(a)

(1) Solve the differential equation :

2 H
xd ’1) —d—y—4x3y = 8xsin(x?). 9
die dx :

daqmaﬁaﬂwﬁwﬁw%&waﬁm%ﬂaﬁﬁq

&’

(i1) frd

V)
—— — = —2y=44—-T76x—48x? |

(i) Solve the following differential equation using method of variation of

parameters :
Zf—?ﬁ— y =44 —76x — 48x2. | 8
X X :

ek 0T BredT ¢ & el SEafek gaeRk IR 9 Jeq § w@ad ¢ | AREE a949 (=0
W ZH g9 & Tan foag 4 & U8 91 @, 99 & iy Tenr SIaT € S 38 W SeeaH
forg pa& o # & @ R | 999 7 & 79 hifsg e w o 9 9 & o=
wfafsear = = |

A particle is free to move on a smooth vertical circular wire of radius a. At time
t=0 it is projected along the circle from its lowest point 4 with velocity just

sufficient to carry it to the highest point B. Find the time T at which the reaction
between the particle and the wire is zero. « T

W aE 9 9 e &1 us e R 9.8 Brear di aeHer aeer @ et )
2 A B op WAL (5> 2r) ST RIS G I HRT BT 2 | qered R el <y are

?ﬁw%ﬁaﬁwmﬁ-ﬁmwww{ (h—:'T}W[r—thj'éﬂ
AL, I BT =fe | W ww e oy feenfud et s AR R |

A spherical shot of W gm weight and radius » cm, lies at the bottom of cylindrical
bucket of radius R cm. The bucket is filled with water up to a depth of 2 cm
(> 2r). Show that the minimum amount of work done in lifting the shot just clear

453 2,3 ,
+W’'|r cm . W' em 1is the

of the water mruét be {W(h

weight of water displaced by the shot. ‘ 16
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8.(b) frAfrfas WRMRG-AM aFe & dudrd SR & gl Bl HIWT :
d?y

dx?

wiel W r(x)= {0

+9y=r(x), »(0)=0, y'(0)=4

gsiny ufe 0<x<m
afe x=nx

Solve the following initial value problem using Laplace transform :

d?y

dx?

sl r(x)={

8.(c) (i)
(1)
8.(c)  (ii)
(ii) -

sth-p-mth

+9y=r(x), »(0)=0, y(0)=4

8sinx if O0<x<m

. g
0 if x=zx

qaree ([ Foids < sifiecor wia & g i
S .
Sl W F =3xp? i + (.yxz —y3)_f+3zx2 k
quT S ded 2 +22<4, 3<x<3 HYB ® |
Evaluate the integral : ” F-rids where F =3xy? i + ( yx? — y3) F+3zx2k
8

and S is a surface of the cylinder y?> + 22 < 4, -3 < x < 3, using divergence
theorem. \ 9

e S T 9 [ F(F)-dF o arEd o # et S
3

A

St | F(7) = (x2 +y2)i‘+(x2—y2)j |
A dFf = dxi +dyj R TF C, &= R:{(x,y) | 1s_y52—1-3} & affyr @ |

Using Green'’s theorem, evaluate the IF (F)-dF  counterclockwise
) :

where F(F) =(x2 + },2) iﬂ+(x2 - yz)j and dF = dxi +dyj and the curve C is
the boundary of the region R = {(x, )

lsy< 2—_\‘2}. 8




