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Question Paper Specific Instructions

Please read each of the following instructions carefully before attempting questions :
There are EIGHT questions divided in TWO SECTIONS and printed both in HINDI and
in ENGLISH.

Candidate has to attempt FIVE questions in all.

Questions no. 1 and 5 are compulsory and out of the remaining, THREE are to be
attempted choosing at least ONE from each section.

The number of marks carried by a question/part is indicated against it.

Answers must be written in the medium authorized in the Admission Certificate which
must be stated clearly on the cover of this Question-cum-Answer (QCA) Booklet in the space
provided. No marks will be given for answers written in a medium other than the
authorized one.

Assume suitable data, if considered necessary, and indicate the same clearly.

Unless and otherwise indicated, symbols and notations carry their usual standard
meaning.

Attempts of questions shall be counted in sequential order. Unless struck off, attempt of a
guestion shall be counted cven if attempted partly. Any page or portion of the page left
blank in the Question-cum-Answer Booklet must be clearly struck off.
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BWITA
SECTION A

Q1. et Tvat o I i

~ Answer all the questions :

(a)

(b)

(c)

U Y K T & § 7 K[X], K T U oot = X H Sg9al 1 9o 8 |
T §g9e f e K[X] % for¢ a0 i (f), £ grr 9ifa K(X] & 1oreraedt =t
ffée =t = | gulsE & (), K[X] & w 3ferss oreimaeh § afg ofk e afe

f, K T ST@e g5 2 |

Let K be a field and K[X] be the ring of polynomials over K in a single
variable X. For a polynomial f e K[X], let (f) denote the ideal in K[X]
generated by f. Show that (f) is a maximal ideal in K[X] if and only if f is

an irreducible polynomial over K.

f(x) = x? sin l,0<x<oo
X

g feu T ®e f: (0, ») > R & fou qwfsu 6 v et wem

g:R > RB S f o forr wtar 2 |
For the function f : (0, ) » R given by

|
f(x):xzsm—,0<x<oo,
X

show that there is a differentiable function g : R —» R that extends f.
- AT (x,) T {y,) T grr stemeE: ofenfyd @9 #

1
1= 5, V1=1 T x, = fxp1yn1,0=234,.

Lzl i-}— 1 4 n=2,3,4,...
Yn 2 Xn Yn-1

firg ifse f

XII_1<Xn.<yn<YD—1’ n=2,334’-u

aenn e Hifvte 76 gFT o1gshn wh &€ W (limit) ¢ W SRERT B9 &,

i~

SRl %<l<1%|
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Two sequences {x,} and {y,} are defined inductively by the following :
1
X = o y;=1 and x_ - o Y1, =284, ..

sl el T T s ol
Yn 2 Xno Yn-

Prove that
Jin—1<Xn<yn<yn_17 n-2;3',4.,...

and deduce that both the sequences converge to the same limit /,

where % < i<t 10

@ vz, y) = x5 - 3xy2 + 2y Th JHATE o & ? 3T g i frg i |
afe &, & o T THATE B u(x, y) A HIRC T 56 Retiten e
e e Rreeh At Ul Hiedi-eh W1 HAT: u adl v 3 |

Is v(x,y) = o 3xy2 + 2y a harmonic function ? Prove your claim. If yes,
find its conjugate harmonic function u(x,y) and hence obtain the
analytic function whose real and imaginary parts are u and v
respectively. 10

(e) =g
x+2y>1, 2x+y<1, x20dA y=0
F WY 5x + 2y 1 fUHan AW @ faftr gro sma i |

Find the maximum value of
5x + 2y
with constraints
x+2y>1, 2x+y<1, x>0 and y>0
by graphical method. 10

Q2. (a) <z f Avft

d (_1)I1+1
- n+1

n=1

e fErh R | (AR W R % R s R g /mEet s S
g, @ et /St Syt oft P 1)
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Q3.

(b)

(e)

(a)

Show that the series

(dl)n+1
n+1

n=i

is conditionally convergent. (If you use any theorem(s) to show it, then
you must give a proof of that theorem(s).) 15

A AT p Toh SIS EEAT & a9 Z, Ui Wiggel p % A wgg i FfdE
T @ | QST 26 Z, <1 Siedich SR 1 2 1 S A B |

Let p be a prime number and zp denote the additive group of integers
modulo p. Show that every non-zero element of Zp generates Zp. 15

aTfereraeeRtor <hifse
z = 2% + 3%5 + 6x4
ENGRED
2X1 +Xg + X355
3%y +2x3<6
x120,%920,x520.

RN 35T T AT g 2 3194 I okt Aferer € |

Maximize
z = 2Xq + 3%y + 63
subject to
2% + X9 +X3<5
3%y +2x3<6
x120,%20,x320.
Is the optimal solution unique ? Justify your answer. 20

A e K, &3 F o1 T faer 2 | fag i 6 K S oewe, it f6 FW
SN §, KHTSUBA SA0 & | 3, IR Fc K c L &3 %, L, KW o &
ol K, F W §isi¥ &, a9 g hifse f6 L, Fox s & |

Let K be an extension of a field F. Prove that the elements of K, which
are algebraic over F, form a subfield of K. Further, if F ¢ K c L are
fields, L is algebraic over K and K is algebraic over F, then prove that L

is algebraic over F. 20
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(b)

(c)

Q4. (a)

(b)

(c)

EAGE

fix, y) = x4 +y4—2x2 +4xy—2y2
%wﬁfwmamﬁmanmsﬂﬁﬁﬁm l

Find the relative maximum and minimum values of the function

flx, y) = x* + y4 Loy 4xy — 2y2. 15

y:[0,1] - Cgsh
) =e?"t 0<t<1

@ | e FaTd gu v (seex) e

dz
J‘ Ao
¥
=1 | I 1T |
Let

y: [0, 1] — C be the curve
Yt =e?M 0<t<1.

Find, giving justifications, the value of the contour integral 15
dz
_[ dz° -1
Y
Zisy 5 e i w9 & s 2 |
Show that every algebraically closed field is infinite. 15

" AT £: R— R T Hdd %o 30 TR 2 5 Lim f(x) 991 lim f(x)

X—>+ o0 X—>—o0

Jifedea & 91 3 gfifyq § | forg R 5 B o £ woremm g @ |

Let f: R —» R be a continuous function such that lim f(x) and lim f(x)
X—+00 X—>— 0o

exist and are finite. Prove that f is uniformly continuous on R. 15

%W%WWW@W%%M@WW@
et et 2

Prove that every power series represents an analytic fiunetion inside its
circle of convergence. 20
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Q5.

s B

SECTION B

weft AT o ST AT :

Answer all the questions :

(a)

(b)

(c)

x2+y2+z2=czmﬁqmﬁﬁ%%%awﬁvﬂag@aﬂm
FefleRur Td ST |

Find the general equation of surfaces orthogonal to the family of spheres

given by i y2 + 22 =cz.

1 A az{zﬁ%ﬁ,zyﬂgz_zg,x_sy_%} % g 6 e 2 2,

Sk a(u,v,w)a?ﬁﬁaﬁﬁqﬁéﬂ%ﬂm T :(X,Y,Z)'Qa-' r2=x2+y2+z2%‘?
Id x2+y2=09, z = 0 T =0 (circulation)?ﬁ“[%?

Does a fluid with velocity ,0_1) = [z - Z—X, 2y — 3z — @y - Sy ﬁ}
1 r T

possess vorticity, where ﬁ) (u,v,w) is the velocity in the Cartesian
frame, T =(x, y, z) and r? = x2 + y2 + 7% 2 What is the circulation in the

circlex2+y2:9, 7z=07?

maaamaﬁrﬁg?ﬁ-m,ﬁ%maﬁi%ﬁwm(space)ﬁnﬁmq%,aﬂ
e IR | AR T ¢ = 0 T Hel-forg § IS Ll B qe v g X feufd
(X,y,z)ﬂ@%,ﬁ%ﬁ?ﬂ%ﬁwwwSﬁx,y,z,'ﬁ%@qﬁq
% &9 8 T T | '

Consider a single free particle of mass m, moving in space under no
forces. If the particle starts from the origin at t = 0 and reaches the

position (x, y, z) at time T, find the Hamilton’s characteristic function S

10x5=50

10

10

as a function of x, y, 2, T.
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(@ Fefafeq cymee seet it geu f-onudt aun wiev-enud d=men ®
CEIE
(i) 4096
(ii) 0-4375
(iil) 2048-0625

Convert the following decimal numbers to equivalent binary and
hexadecimal numbers : 10

(i) 4096
(ii) 04375
(iii) 2048-0625

(e) 3T 3Taehed GOl

(y+zx)p—(x+yz)q=x2—y2
%1 SYH THHA G ST, |
Find the general integral of the partial differential equation
(y + zx) p - (x + yz) g = X% — y°. 10

Q6. (a) T z=p? - 2 % e Ruifa Hifse, Fon Tae™ 4z + x2 = 6,
y = 0¥ TS T GHIShA J53 [A hIT |

Determine the characteristics of the equation z = p2 - qz, and find the
integral surface which passes through the parabola 4z + x2=0,y=0. 15

b FTUL @ Rme wdied we A e G 3 ger-Rrg 0 W YEedn m
T WS 3¢ 56 ¢ | Wise R 9 % TR forg P W o fave ¢ & AW

: =
%—Urcos@%,ﬂﬁ’OP:rweasﬁm%Gﬁ OP , REm 1 % &%t s

? | UNR@RN W1 IEwa GHieNU ¥d iV a9 Suise R 3 g
Ur? sin? 0 — 2m cos 0 = 31 (constant) W @ & |

A simple source of strength m is fixed at the origin O in a uniform
stream of incompressible fluid moving with velocity U? . Show that the
velocity potential ¢ at any point P of the stream is D _ Urcos 8, where
OP = r and 0 is the angle which 61)3 makes with thI{.a direction _1) . Find
the differential equation of the streamlines and show that they lie on the
surfaces Ur? sin® 6 — 2m cos 0 = constant. 15
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Q7.

(c)

(a)

(b)

A i x e [0, 1] % foTe fix) = e cos 3x 2 | ME x=0,x =03, x = 0:6
AT x = 1 W U 3 % AU AWM TgIE H THAA L §Y £0-5) 6 HA
AR HINT | I [0, 1] W IR W qn Iratas I E(0-5) &
arftreper oft hifsrg | |

Let f(x) = e2X cos 3x, for x € [0, 1]. Estimate the value of f{0-5) using
Lagrange interpolating polynomial of degree 3 over the nodes x = 0,

x = 03, x = 006 and x = 1. Also, compute the error bound over the
interval [0, 1] and the actual error E(0-5).

IR 37T THieh
3 3 3 3
6_; ~ ) 622 = 6 Zz 4 26: o ex+y
(5).¢ ox“0y  Ox Oy oy

Wl BA HIfVT |

Solve the partial differential equation

8%z o3 03z 8%z .
g—zangy_axay2+2ay3=e ’
firsamatl a, b (a < b) % & Heheg My I & = I ST B TE p o WA
¥ 9 T R | Afe il @ afoae W fen W, 3Tt 9Tt i x-fegm ® 9 U
F TIY AT T 1A B y-fe3n F a7 V F @Y, o guise fh wa H IREe
Tifer, o fama

{asU [1+%b3r_3)x~b3V(l+%aar_s] y}

b3 -2a2)
TR0 & SR R, T r2 = x2 + y2 + 22 q1 fiees Tuenifies 8 | aie o foRet
ff formg W a1 =1 9F FepriTe |

The space between two concentric spherical shells of radii a, b (a < b) is
filled with a liquid of density p. If the shells are set in motion, the inner
one with velocity U in the x-direction and the outer one with velocity V
in the y-direction, then show that the initial motion of the liquid is given
by velocity potential

{aSU (I + % b3r_3) X — b3V(1 + % ad r_?’] y}

b3 -ad)

b=

o=

?

where 12 = x2 + y2 + z2, the coordinates being rectangular. Evaluate the

20

15

velocity at any point of the liquid.
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Q8.

(c)

(a)

1
BRI If(x)dx%%q, s fom fg-fomg mew & Frm,
=1

j. f) dx =f[%J +f[-— J_1§_]
|

4
o féon T 2 | 39 T ST U g szedemmﬁﬁnl
2

1

For an integral | f(x)dx, show that the two-point Gauss quadrature

1

{ 1 1

rule is given b fx)dx=f (—] +f (— —J Using this rule, estimate
g1 ¥ ! 73 3 g

-9
4
J. 2x e*dx. 15
2

TS 10 cm AT T SIIEY-URTSE 1 &A% 1 cm? Hi TGl hHl Th B8 |
AT ulx, t) TG HIEAT | T SAfFC T p — 106 gfew”, FEHT ITCTHRI
K = 1:04 cal / (cm sec °C) @1 faf¥rse F™H1 o = 0-056 callg °C. B9 quia:
LIECES ﬁlﬂ?ﬁ (perfectly isolated laterally) 2, TaU =1 0°C W @& T g e
IR ATH f(x) = sin (0-1 nx) °C & | =4 W 1% u(x, t) A i
ut=c2un$ra37mm%,aﬁc2=K/ (po)g |

Find the temperature u(x,t) in a bar of silver of length 10 cm and
constant cross-section of area 1 cm?. Let density p = 10-6 g/cmg, thermal
conductivity K = 1-04 cal / (cm sec °C) and specific heat ¢ = 0056 cal/g °C.
The bar is perfectly isolated laterally, with ends kept at 0°C and
initial temperature f(x) = sin (0-1 nx) °C. Note that u(x, t) follows the heat

equation u, = c? u_, where ?=K/ (po). 20
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(b)

(e)

TS TGS S BV ¢ h 1Y TH Pob §Y THAN W r BSA1 1 TH g
form et <o @1 8 | @ B SR =madhia fiews dfse | e, I
HI B, a1 Ta hifIT | o o fore smurmst wiehmr faRae | a9 a1 A= ek
T G 6 et i 9t g9 o1 <7 R <hiiT

A hoop with radius r is rolling, without slipping, down an inclined plane
of length { and with angle of inclination ¢. Assign appropriate
generalized coordinates to the system. Determine the constraints, if any.
Write down the Lagrangian equations for the system. Hence or

otherwise determine thée velocity of the hoop at the bottom of the
inclined plane.

7 ST A, B, C i =R &, A% T A g1 ffée €iar 2, AOR B fag
=S A + BAUT A AND B % fou =55ish A . B ® | I f=faiRaa =i i
A HIRT 91 AND 3R OR 7@ 1 THHIA Hd gL WAl oA9eh ohl
Sqeh MW Wi |

A A+B+C).(A +B+C).(A+B+C).(A+B+ €)

Let A, B, C be Boolean variables, A denote complement of A, A + Bis an
expression for A OR B and A . B is an expression for A AND B. Then

simplify the following expression and draw a block diagram of the
simplified expression, using AND and OR gates.

A A+B+CY.AA +B+0).A+B+C).A+B+0).

15

15
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